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Abstract 

The invariant projections of the energy-momentum tensors of La- 
grangian densities for tensor fields over differentiable manifolds with con- 
travariant and covariant affine connections and metrics [(L n , g)-spaces] 
are found by the use of an non-null (non-isotropic) contravariant vector 
field and its corresponding projective metrics. The notions of rest mass 
density, momentum density, energy current density and stress tensor are 
introduced as generalizations of these notions from the relativistic con- 
tinuum media mechanics. The energy-momentum tensors are represented 
by means of the introduced notions and the corresponding identities are 
found. The notion of covariant differential operator along a contravariant 
tensor field is introduced. On its basis, as a special case, the notion of 
contravariant metric differential operator is proposed. The properties of 
the operators are considered. By the use of these operators the notion 
of covariant divergency of a mixed tensor field is determined. The co- 
variant divergency of tensor fields of second rank of the types 1 and 2 is 
found. Invariant representations of the covariant divergency of the energy- 
momentum tensor are obtained by means of the projective metrics of a 
contravariant non-isotropic (non-null) vector field and the corresponding 
rest mass density, momentum density, and energy flux density. An invari- 
ant representation of the first Noether identity is found as well as relations 
between the covariant divergencies of the different energy-momentum ten- 
sors and their structures determining covariant local conserved quantities. 



1 Invariant projections of a mixed tensor field 
of second rank 



In the relativistic continuum media mechanics notions are introduced as gener- 
alizations of the same notions of the classical continuum media mechanics. This 
has been done by means of the projections of the (canonical, symmetric of Bc- 
linfante or symmetric of Hilbert) energy-momentum tensors along or orthogonal 
to a non-isotropic (non-null) contravariant vector field. 

There are possibilities for using the projections for finding out the physical 
interpretations of the determined energy-momentum tensors. In an analogous 
way as in (pseudo) Ricmannian spaces without torsion (V^-spaces), the different 
relations between the quantities with well known physical interpretations can be 
considered as well as their application for physical systems described by means 
of mathematical models over diffcrcntiable manifold with affine connections and 
metrics [(L n , p)-spaces]. 

The energy-momentum tensors are obtained as mixed tensor fields of second 
rank of type 1 [by the use of the procedure on the grounds of the method of 
Lagrangians with covariant derivatives (MLCD) 

G = G a 13 ■ ep ® e a = G, j ■ d 3 ® dx i (1) 

in contrast to the mixed tensor fields of second rank of type 2 

G = G f3 a -e a <Z>e l3 = G j t -dx l <Z)d :j . (2) 

{e Q } and {e Q } are non-co-ordinate (non-holonomic) covariant and contravari- 
ant basic vector fields respectively, (a, (3 — 1, {dx 1 } and {di} are co- 
ordinate (holonomic) covariant and contravariant basic vector fields respectively 
= 1, ...,n), dim(i„,3) = n. 

To every covariant basic vector field a contravariant basic vector field can be 
juxtaposed and vice versa by the use of the contravariant and covariant metric 
tensor fields 

5 (e 7 ) = g a - ■ e a , g{d j ) = g fj ■ dx* , g(fi<) = g a ~ ■ e a , g(dx j ) = / • d t . (3) 

On this basis a tensor field of the type 2 can be related to a tensor field of the 
type 1 by the use of the covariant and contravariant tensor fields g = gij - dx 1 .dx 3 
and g = g v ■ di.dj [dx 1 .dx 3 = (l/2)(dx l ® dx 3 + dx 1 g) dx*), d t .d J = (1/2) (3 4 ® 
dj + djQdi)] 

G = g{G)g = G 13 a ■ e a ® e = g a - ■ ■ ■ e a ® ep , (4) 

G? a =g a y-G s "< -g* , (5) 
G = g(G)g = G a l3 -ep®e a =g l3 *-G"< s - ma -e (E>e a , (6) 
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Gj = gP* -G~< s-^ a ■ (7) 

The Kronecker tensor field appears as a mixed tensor field of second rank of 
the type 1 

Kr = gp ■ e a <g> e p = g) ■ d t <g> dx j 

and can be projected by means of the non-isotropic (non-null) contravariant 
vector field u and its projection metrics h u and h u [h u = g — | • g(u) ® g(u), 
h u = g — ^ ■ u®u, e = g(u, u) ^ 0] 

Kr = e K r-u® g(u) + u <g> g( Kr Tr) + Kr s <g> + ( Kr S')5 , 

where 



£jfr = jz ■ [g(u)](Kr)u = ^.%'U a = 7* -9-0 ■ u a ■ u 13 = 
= ^.fp- r ■ fs-g P a ■W-u 5 ^ £ - ffSb - « T • « fc = § ■ * 



(8) 



= - • \g{u)]{Kr)u = -.u* , u 1 = g J] -u j , (9) 
e e J 



^tt = I ■ [s( u )](Ar)/i« - § • g-^-_ui ■ g$ ■ h* a ■ e a = \ ■ g^ ■ h?<* • ^ • e a 



(10) 



^ s = I . &«( 5 )(A>)(u) = Kr s a ■ e a = Kr s l ■ 8, , (12) 
e 

e P" e 

Kr S = h u (g)(Kr)h u = Kr S a(3 ■ e a ® e fj = Kr S lJ ■ d t <g> d 3 , (14) 



■h^-g^-u*, ^V = -.^.^.^, (13) 



(16) 



Krgaf) = ^a 7 . g __ . ^5/3 _ Krgij = tfk . g_ . tfj _ ( 15 ) 

- [<?(«)] (/>") = , h u (g)h u = h u , 

{Kr)g =±-u®u + u® Kr Ti+ Kr s®u + Kr S , 
(Kr)g = g*P -e a ®ep = ff « • d t ® d, . 

The corresponding to the Kronecker tensor field mixed tensor field of the 
type 2 

Kr = g(Kr)g = g a - ■ -e a ®ep = g tI ■ g k > ■ dx l ® d 3 (17) 
does not appear in general as a Kronecker tensor field. 
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Special case: S = C:f i j =g), {f a = g%): 



Kr — gp ■ e 13 <£> e a — g l j • dx l ® dj , 
k = l, e K r = \, Kr TT = , Kr s = , Kr S = h u , (18) 
Kr = \ ■ u ® e g{u) + {h u )g = g(g) , (Kr)g = g . 

The representation of the tensor fields of the type 1 by the use of the non- 
isotropic (non-null) contravariant vector field u and its projective metrics h u 
and h u corresponds in its form to the representation of the viscosity tensor and 
the energy-momentum tensors in the continuum media mechanics in V3- or V4- 
spaces, where Eg is the inner energy density G 7r is the conductive momentum, 
e. G s is the conductive energy flux density and G S is the stress tensor density. 
An analogous interpretation can also be accepted for the projections of the 
energy-momentum tensors found by means of the method of Lagrangians with 
covariant derivatives (MLCD). 



2 Energy-momentum tensors and the rest mass 
density 

The covariant Noether identities (generalized covariant Bianchi identities) can 
be considered as identities for the components of mixed tensor fields of second 
rank of the first type. The second covariant Noether identity 

can be written in the form 

0- s T = Q, (19) 

where 

= 9 a 13 ■ ep <g> e a = 6i j ■ dj ® dx 2 , 
S T = s T a f 3 ■ ep Cg) e a ^JT, i ■ dj ® dx l , (20) 
Q = QJ ■ e/3 ® e Q = ■ dj ® dx l , 

9 is the generalized canonical energy-momentum tensor (GC-EMT) of the 
type 1; S T is the symmetric energy-momentum tensor of Bclinfantc (S-EMT-B) 
of the type 1; Q is the variational energy- momentum tensor of Euler-Lagrange 
(V-EMT-EL) of the type 1. 

The second covariant Noether identity for the energy-momentum tensors of 
the type 1 is called second covariant Noether identity of type 1. 

By means of the non-isotropic contravariant vector field u and its corre- 
sponding projective metric the energy-momentum tensors can be represented in 
an analogous way as the mixed tensor fields of the type 1. 

The structure of the generalized canonical energy- momentum tensor and the 
symmetric energy-momentum tensor of Bclinfante for the metric and non- metric 
tensor fields has similar elements and they can be written in the form 

G= k G-L-Kr, 
6= k 6-L-Kr, S T=T-L-Kr, [ ' 
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where 

k 6 = k 6 a ? ■ ep <g> e a = k 9i 1 ■ d 3 <g> dx l . (22) 

On the analogy of the notions of the continuum media mechanics k G is called 
viscosity tensor field. 

G and k G can be written by means of u, h u and h u in the form 

G = e G ■ u ® g(u) + u® 5 ( g tt) + G s ® g(u) + ( G S)g , 

fe G = e fe • u <g> <?(«) + u ® g( fc 7r) + fc s (g) g(u) + ( k S)g . { ' 

From the relation ( pl|) the relations between the different projections of G 
and fcG follow. If we introduce the abbreviation eq = Pq, then 



e k =P G + \-L-k , fe 7r = g tt + L - Kr 7T , k s= G s + L- Kr s 
k S = G S + L- Kr S , 

and G can be written by means of (Ell) in the form 



(24) 



G = (p G + \ ■ L ■ k ) ■ u ® g( u ) - L- Kr + u® g( k n) + k s ® + ( fe S')g , (25) 
where 

P G = - 2 -[g(u)]{G)(u) 

is the rest mass density of the energy- momentum tensor G of the type 1. This 
type of representation of a given energy-momentum tensor G by means of the 
projective metrics of u and p G is called representation of G by means of the 
projective metrics of the contravariant non-isotropic (non-null) vector field u 
and the rest mass density p G . 

There are other possibilities for representation of G by means of u and its 
corresponding projective metrics. 

If we introduce the abbreviation 

p G = p G ■ u + g tt , (26) 

where pc is the momentum density of the energy-momentum tensor G of the 
type 1, then G can be written in the form 



G = u <g> g(p G ■ u + g tt) + G s <g> g(u) + ( G S)g 
G = u® g(p G ) + G s <g> g{u) + ( G S)g . 



(27) 



The representation of G by means of the last relation is called representa- 
tion of G by means of the projective metrics of the contravariant non-isotropic 
contravariant vector field u and the momentum density pc- 

By the use of the relations 

g( G Tr,u) = 0, ( G S)[g(u)}=0 , (28) 

valid (because of their constructions) for every energy-momentum tensor G and 
the definitions 

e G = G(u) = (G)(u) = e • (p G ■ u + G s) , g(u, u) = e + , (29) 
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where ea is the energy flux density of the energy-momentum tensor G of the 
type 1, the tensor field G can be written in the form 

G = (p G ■ u + G s) ® g{u) + u® g( G ir) + { G S)g , 

G=l.e G ®g(u)+u®g( G n) + ( G S)g . [M > 

The representation of G by means of the last expression is called representa- 
tion of G by means of the projective metrics of the contravariant non-isotropic 
vector field u and the energy flux density eQ. 

The generalized canonical energy-momentum tensor 9 can be represented, 
in accordance with the above described procedure, by the use of the projective 
metrics of u and the rest mass density p g 

9= k 9-L-Kr, k 9 = 9 + L-Kr, (31) 

= (p e + ^ • L ■ k) ■ u <g> g(u) - L-Kr + u® g{ e if) +°s® g{u) + { 9 S)g , (32) 
where 

k 0= k eJ-ep®e a , k ~eJ = tj -Kj -Wj-i -t + L-gi , (33) 

Pe = 4 ■ [ff(«)] (*)(«) , k = \ ■ [g{u)]{Kr){u) , (34) 



e 



Pe = jr ■ 9-0 ■ u fi ■ 6 1 a ■ u> = jr ■ 9 1 a ■ u„ -u 1 = 



(35) 



£ k e = Pe + \ ■ L ' k , (36) 
% = I . [g(u)]( k 9)h u = e W a ■e a = e n i -d i , (37) 
6 ^ = \- fc&r ^ • u F • , V = i • fe 0, fc • u 5 • h u , (38) 

« 5 = I . fc«( ff )( fc 0)( u ) = *s a ■ e a = e s l ■ d t , (39) 

e 

V = i • ^ • ■ fe^ 7 • u J , e <f = i • h ij ■ gjz ■ k 9 t k ■ u 1 , (40) 

e S = h u (g){ k 9)h u = e S a0 ■ e a ® e p = e S l] ■ 8 t ® , (41) 

«S ^ = h a ^ ■ g-- 5 ■ k 9 K 5 ■ , e S « = /i ife • 5n • fe m ' • h™* , (42) 

(0)5 = (p e + \ ■ L ■ k) ■ u <g> u - L ■ Kr(g) + u® e Jr+ e s®u + e S-- 
= 9 ati ■e a ®e l3 ^ 9 11 ■ ® dj , 

gall = g fSy . ^ a = ^ a . ^ gij = ^ i . g kj ^ ^ 

9(0) = {p g + \-L-k)- g(u) ® ff (u) - L_g{Kr) + g(u) ® 5 (%) + 
+.g( e s) ® fl (u) + ,g( e ^)ff , 



(43) 



(45) 
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g(0) = af 3 ■ e« <8> e 13 = 6ij ■ dx l ® dx 1 , ^ 
9af] — 9a- ■ dp 7 , 6ij — g ik ■ 9 3 ■ k , 

g(Kr) = g aJi ■ e a ® e (i = g fj ■ dx l <g> dx j , g a j = g aj ■ p fj = g ya ■ p p = g^ a , 
9i] = ffjt , (Kr)g = Kr(g) = g a P ■e a ®e l3 = g l ° ■ d l <g) dj . 

(47) 

In a co-ordinate basis 9, (9)g and g(9) can be represented in the forms 
6i j = ( Pe + \ ■ L ■ k) ■ Ui ■ v? - L ■ g{ + e W t ■ u> + u t ■ 6 s j +g ik - e S lk , (48) 

ij = 6 k l - g kj = { Pg + 1 • L ■ k) ■ u l ■ u 3 - L ■ g lj + u l ■ e W j + e T ■ u 1 + e S ij , (49) 

0ij=9ik-6j k = (p0 + \-L-k)-u v u 3 -L-g il +u v e Tf 3 + e l v u ] + g tT e S kl -g- lj , (50) 
where 

«i = 9q ■ u j , % = g- k ■ V , % = g a ■ V , %- = g- k ■ e S kl ■ % . (51) 

The symmetric energy- momentum tensor of Bclinfante S T can be represented 
in an analogous way by the use of the projective metrics h u and h u and the rest 
mass density p T in the form 

S T = (p T + - ■ L ■ k).u® g(u) - L ■ Kr + u® g( T ir) + T s®g(u) + ( T lS)g , (52) 
e 

where 

S T= s Tj-ep®e a = S T^ ■ 8^ ® dx i , , . 

S T = sk T - L ■ Kr , sk T = S T + L ■ Kr = T , 

e T = P T + ~ ■ L ■ k , (54) 
e 

p T = ± ■ [g(u)]( s T)(u) = ± ■ g-j ■ uP T 7 " ■ u~ = ± - S _T 7 <* ■ u„ ■ = 
= ±t ■ 9Tj ■ u j ; T k 1 ■ u k = ^ ■ s T k 2 • u- ■ u k , 

(55) 

T 7f = \ ■ [g(u)](T)h u = 1 • [g(u)]( sk T)h u = T if a ■ e a = T r ■ d t , (56) 

T 7f" - \ ■ T 7 li ■ Up ■ h~ a , t tt 1 = ^--Ti k -u k - h u , (57) 

T s = - ■ h u (g)(T)(u) = T s a ■ e a = T s l ■ 8 t , (58) 
e 

T—ct 1 ■ m -v A T—i 1 

e 

T S = h u (g){T)h u = T S ap -e a ®e p = T S 13 ■ 8 t ® d , (60) 
T S^ = h^-g- 5 - T K s -h*f>, T S^ =h ik -g Tl -T m l -h™i , (61) 



h af} -g^-T s ^u 5 , T s l = --h ij -g^-T^-u 1 , (59) 
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( 8 T)g = {p T + \-L-k)-u®u-L- Kr(g) + u ® T W + T s ® u + T S = 
= s T a P .e a ®e fj = a T*j • ft ® ft, , 

(62) 

sT a/3 = g01 . ^ a = o . 5 /3 7 7 ^ = gTfc * . g kj _ (63) 

g( s T) = (p T + I • L • k) ■ g(u) ® fl (u) - + 5 ( u ) ® g( T 7f)+ 

+.g( T s)® 5 ( U )+.g(^) 5 , lb4j 

<?( S T) = S T Q(3 • e Q eP = s T l0 ■ dx l ® dx? , , . 

In a co-ordinate basis S T, ( s T)g and (/(s? 1 ) can be represented in the forms 
s Ti j = (p T + ^-L-k)- Ui -u j -L-g{+ T lf l ■ u j + u t - T P + 9{n ■ T S jk , (66) 

S T 13 = s T k l -g^ = {p T + ^-L-k)-u i -u j -L-g lj +u i - T TT j + T s i -u j + T S ij , (67) 

s T v =9iTsTj k = {p T + ^-L-k)-u l -u 3 ~L-g i -+u v T Tf + T s l -u j +g tY T S kl -g- li , 

(68) 

where 

T— „ T—k T— „ T-l T~q n T~q kl _ 

The variational energy-momentum tensor of Euler-Lagrange Q can be rep- 
resented in the standard manner by the use of the projective metrics h u , h u and 
the rest mass density pq in the form 



where 



Q = -p Q ■ u ® g{u) -u® g{ Q n) - Q s ® g(u) - ( Q S)g , (69) 
Pq = ~ ^ ■ [»(«)] (Q)(«) , (70) 



J/3 



(71) 



Qtt = -- ■ [ 5 («)](Q)/i" - Q * a ■ e a = <V ■ ft , (72) 
e 

Q ^ a = -- • fi ■ ■ h~ a , <V = -- • Q ; k ■ uj- ■ h H , (73) 

e 1 e 

Q S = --- h u {g){Q){u) = <V ■ e a = <V ■ ft , (74) 

e 

Q s a = -\-h a f } -g^-Q^-v* , 0** = '■g JE -Q l k - u J , (75) 

Q ,S = -h u (g){Q)h u = Q S afs -e a ®ef}^ Q S 13 ■ ft ^ , (76) 

Q S aP = -h ar i-g^-Q K s -h^ , Q S^ = -h ik -g E -Q m l -h™j , (77) 
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{Q)g = ~Pq-u®u-u® q it - Q s®u- Q s = ,_ , 

= Q al} -e a ®ep = Qv -d^dj , [ ' 

9(Q) = -Pq • 9(v) ® - ® s( Q ^) - 5( Q s) (8 - <?( Q S)<? , (79) 

g(Q) = Qa/3 -e a ®e p = Qi 3 ■ dx l ® dx ] , Q a p = g a --Qp J , Qij = g,k -Qj k ■ 

(80) 

In a co-ordinate basis Q, (Q)g and g{Q) can be represented in the forms 

Qi 3 = -p q ■ Ui ■ v? - Q-Ki ■ u j - u t ■ <V - //,- • Q & k , (81) 

Q ij =Qk l - <I~ J = -Pq ■ u* ■ u 3 - //' • <V - Q s l ■ ,/•' - Q S ij , (82) 

Qij = g^ ■Qj k = -Pq ■ Ui ■ Uj - m ■ Q 7Tj - Q s t ■ Uj - g^ ■ Q S kl ■ g Tj , (83) 
where 

^ = ^ <V , e Si = J .,« si)%=s .. ¥ . % . 

The introduced abbreviations for the different projections of the energy- 
momentum tensors have their analogous forms in V3- and V4-spaces, where their 
physical interpretations have been proposed Q, [|| (S. 383-385). The stress 
tensor in T/3-spaces has been generalized to the energy-momentum tensor S T 
in V4-spaces. The viscosity stress tensor S ^T appears as the tensor T in the 
structure of the symmetric energy-momentum tensor of Belinfante S T. 

On the analogy of the physical interpretation of the different projections, the 
following definitions can be proposed for the quantities in the representations 



of the different energy-momentum tensors: 

A. Generalized canonical energy-momentum tensor of the type 1 

(a) Generalized viscous energy- momentum tensor of the type 1 

(b) Rest mass density of the generalized canonical 

energy-momentum tensor 8 p e 

(c) Conductive momentum density of the generalized canonical 
energy-momentum tensor 6 'it 

(d) Conductive energy flux density of the generalized canonical 
energy-momentum tensor 9 e ■ e s 

(e) Stress tensor of the generalized canonical 

energy-momentum tensor 8 9 S 

B. Symmetric energy-momentum tensor of Belinfante of the type 1 S T 

(a) Symmetric viscous energy-momentum tensor of the type 1 T 

(b) Rest mass density of the symmetric energy-momentum 

tensor of Belinfante S T p T 

(c) Conductive momentum density of the symmetric 

energy-momentum tensor of Belinfante S T T V 
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(d) Conductive energy flux density of the symmetric 

energy-momentum tensor of Bclinfantc S T e- T s 

(e) Stress tensor of the symmetric energy-momentum 

tensor of Belinfante S T T S 

C. Variational (active) energy-momentum tensor of Euler- Lagrange. .. Q 

(a) Rest mass density of the variational energy-momentum 

tensor of Euler-Lagrange Q pq 

(b) Conductive momentum density of the variational 

energy-momentum tensor of Euler-Lagrange Q ®tt 

(c) Conductive energy flux density of the variational 

energy- momentum tensor of Euler-Lagrange Q e • 

Q s 

(d) Stress tensor of the variational energy-momentum 

tensor of Euler-Lagrange Q ®S 

The projections of the energy-momentum tensors have properties which are 
due to their construction, the orthogonality of the projective metrics h u and h u 
correspondingly to the vector fields u and g(u) [h u (u) = 0, h u [g(u)] = 0] 

g(u, e lf) =g( e 7r,u) = , g(u, T Tr) = 0, g(u, ®ir) = , (84) 



g(u, e s) = g{ e s,u) = , g{u 7 T s)=0, g(u « s) = , 

g(u)( e S) = 0, ( e S)g(u) = , g(u)( T S) = , ( T S)g(u) = , 
fl(u)(«S) = 0, («S)0(u) = O. 

From the properties of the different projections it follows that the conduc- 
tive momentum density ir (or w) is a contravariant vector field orthogonal to 
the vector field u. The conductive energy flux density e • s (or e • s) is also a con- 
travariant vector field orthogonal to u. The stress tensor S (or S) is orthogonal 
to u independently of the side of the projection by means of the vector field u. 

The second covariant Noether identity 8 — S T = Q can be written by the 
use of the projections of the energy-momentum tensors in the form 

(Pe - Pt + Pq) • u ® .9( u ) + « ® 9^ - t tt + ®tt)+ 

+ (0s- T s+ Q S )®g(u) + ( e S~ T S+ Q S)g = 0. [ *'> 

After contraction of the last expression consistently with u and g and taking 
into account the properties (Q) -j- (^6|) the second covariant Noether identity 
disintegrates in identities for the different projections of the energy-momentum 
tensors 

Pe =p T -p Q , e n= T W~QTr, e s= T s- Qs , e S= T S- ®S . (88) 

If the covariant Euler-Lagrange equations of the type S V L/SV A b = are 
fulfilled for the non-metric tensor fields of a Lagrangian system and g Q = 0, 
then the variational energy- momentum of Euler-Lagrange Q — V Q + g Q is equal 
to zero. This fact leads to vanishing the invariant projections of Q (pq = 0, 
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(85) 
(86) 



®ir = 0, ®s = 0, ®S = 0). The equality which follows between 9 and S T has as 
corollaries the identities 



Pe ^p Tl 8 T^ T T, s s^ T s, S S^ T S. 

From the first identity (p g = p T ) and the identity ( |88| ) for p , it follows 
that the covariant Euler-Lagrange equations of the type 8 V L/8V A b — for 
non- metric fields V and g Q = appear as sufficient conditions for the unique 
determination of the notion of rest mass density p for a given Lagrangian system. 

Proposition 1 The necessary and sufficient condition for the equality 

p e = p T (90) 

is the condition pg = 0. 

Proof. It follows immediately from the first identity in (^8|). 

The condition pq ^ leads to the violation of the unique determination 
of the notion of rest mass density and to the appearance of three different no- 
tions of rest mass density corresponding to the three different energy-momentum 
tensors for a Lagrangian system. Therefore, the violation of the covariant Euler- 
Lagrange equations S V L/SV A b = for the non- metric tensor fields or the exis- 
tence of metric tensor fields in a Lagrangian density with g Q ^ induce a new 
rest mass density (a new rest mass respectively) for which the identity (|8^) is 
fulfilled. 

The identity p e = p T — pg can be related to the physical hypotheses about 
the inertial, passive and active gravitational rest mass densities in models for 
describing the gravitational interaction. To every energy-momentum tensor a 
non-null rest mass density corresponds. The existence of the variational energy- 
momentum tensor of Euler-Lagrange is connected with the existence of the 
gravitational interaction in a Lagrangian system in Einstein's theory of grav- 
itation Q| and therefore, with the existence of a non-null active gravitational 
rest mass density. When a Lagrangian system does not interact gravitationaly, 
the active gravitational rest mass density is equal to zero and the principle of 
equivalence between the inertial and the passive rest mass density is fulfilled Q 
- 1- 

From the second covariant Noether identity of the type 1. by means of the 
relations 

G = g(G)g , G = g(G)g , 

one can find the second covariant Noether identity of the type 2. for the energy- 
momentum tensors of the type 2. in the form 

9-sT = Q, (91) 

where 

9 = g(9)g, S T = g( s T)g , Q = g(Q)g . (92) 
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The invariant representation of the energy-momentum tensors by means of 
the projective metrics h u , h u and the rest mass density allows a comparison of 
these tensors with the well known energy-momentum tensors from the contin- 
uum media mechanics (for instance, with the energy-momentum tensor of an 
ideal liquid in V^-spaces: 

sT, 3 ' = (p+ - -p) -in -v? -p-g{ , e = const. + 0, k = 1 ). (93) 

It follows from the comparison that the Lagrangian invariant L can be in- 
terpreted as the pressure p = L characterizing the Lagrangian system. This 
possibility for an other physical interpretation than the usual one (in the me- 
chanics L is interpreted as the difference between the kinetic and the potential 
energy) allows a description of Lagrangian systems on the basis of phcnomcno- 
logical investigations determining the dependence of the pressure on other dy- 
namical characteristics of the system. If these relations are given, then by 
the use of the method of Lagrangians with covariant derivatives (MLCD) the 
corresponding covariant Euler-Lagrange equations can be found as well as the 
energy- momentum tensors. 

The use of a contravariant non-isotropic (non-null) vector field u and its 
corresponding projective metrics h u and h u is analogous to the application of 
a non-isotropic (time-like) vector field in the s. c. monad formalism [(3 + 1)- 
decomposition] in l/4-spaces for description of dynamical systems in Einstein's 
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The contravariant time-like vector field has been interpreted as a tangential 
vector field at the world line of an observer determining the frame of reference 
(the reference frame) in the space-time. By the use of this reference frame a given 
physical system is observed and described. The characteristics of the vector field 
determine the properties of the reference frame. Moreover, the vector field is 
assumed to be an absolute element in the scheme for describing the physical 
processes, i. e. the vector field is not an element of the model of the physical 
system. It is introduced as a priory given vector field which does not depend on 
the Lagrangian system. In fact, the physical interpretation of the contravariant 
non-isotropic vector field u can be related to two different approaches analogous 
to the method of Lagrange and the method of Euler in describing the motion 
of liquids in the hydrodynamics jl9| . 

In the method of Lagrange, the object with the considered motion appears 
as a point (particle) of the liquid. The motion of this point is given by means 
of equations for the vector field u interpreted as the velocity of the particle. 
The solutions of these equations give the trajectories of the points in the liquid 
as basic characteristics of the physical system. In this case, the vector field 
u appears as an element of the model of the system. It is connected with 
the motions of the system's elements. Therefore, a Lagrangian system (and 
respectively its Lagrangian density) could contain as an internal characteristic a 
contravariant vector field u obeying equations of the type of the Euler-Lagrange 
equations and describing the evolution of the system. 
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In the method of Euler, the object with the considered motion appears as 
the model of the continuum media. Instead of the investigation of the motion 
of every (fixed by its velocity and position) point (particle), the kinematic char- 
acteristics in every immovable point in the space are considered as well as the 
change of these characteristics after moving on to an other space point. The 
motion is assumed to be described if the vector field u is considered as a given 
(or known) velocity vector field. 

The (n — 1) + 1 decomposition (monad formalism) can be related to the 
method of Euler or to the method of Lagrange: 

(a) Method of Euler. The vector field u is interpreted as the velocity vector 
field of an observer who describes a physical system with respect to his vec- 
tor field (his velocity). This physical system is characterized by means of a 
Lagrangian system (Lagrangian density). 

The motion of the observer (his velocity vector field) is given independently 
of the motion of the considered Lagrangian system. 

(b) Method of Lagrange. The vector field u is interpreted as the velocity 
vector field of a continuum media with a co-moving with it observer. The last 
assumption means that the velocity vector field of the observer is identical with 
the velocity vector field of the media where he is situated. 

The motion of the observer (his velocity vector field) is determined by the 
characteristics of the (Lagrangian) system. Its velocity vector field is, on the 
other side, determined by the dynamical characteristics of the system by means 
of equations of the type of the Euler-Lagrange equations. 

3 Energy-momentum tensors and the momen- 
tum density 

In the first section of this paper the notion of momentum density of an energy- 
momentum tensor G has been introduced as 

p G = p G ■ u + G ir , 

where p G .u is the convective momentum density of the energy-momentum tensor 
G; G 7r is the conductive momentum density of the energy-momentum tensor G. 
The tensor field G can be represented by means of the projective metrics h u 
and h u in the form 

G = u ® g(p G ) + G s ® g(u) + { G S)g . 
At the same time the relations are fulfilled 

(G)g = u®p G + G s®u+ G S = G at) ■e a ®e (j = G i] ■ d t ® dj , (94) 

g(G) = g{u) ® g{ PG ) + g{ G s) ® g(u) + g( G S)g , (95) 
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p G = - e .[g(u)](G)(g). (96) 
The Kronccker tensor can be represented in the form 

Kr = u ® g{p Kr ) + Kr s ® ff (u) + ( Kr S)g , (97) 

where 

p Kr = ^■k-u+ Kr TT 7 L-Kr = u®g{L-p Kr ) + L- Kr s®g{u) + {L- Kr S)g. (98) 

The generalized canonical energy-momentum tensor 9 will have then the 
form 

6 = u®g(p e ) + 9 s®g{u) + ( 9 S)g , (99) 

where 

Pe = Pe ■ u + 9 7T = p g ■ u + e Jf - L ■ Kr ir . (100) 
In a co-ordinate basis 9, (6)g and g(9) can be written in the forms 

9i 1 = Pdl ■ u> + u t ■ V + g- k ■ 9 S> k , (101) 



pe=p l e -d l , p ej = 9^ ■ p k g 



13 = 9 k 1 ■ g kl = u l ■ p° e + V ■ u 1 + 9 S 13 , (102) 

% = 9{k -0j k = ui- pg 3 + e Sl ■ Uj + e Sij . (103) 

The symmetric energy- momentum tensor of Bclinfantc S T can be represented 
by means of the projective metrics h u , h u and the momentum density px in the 
form 

S T = u ® g(p T ) + T s ® g(u) + ( T S)g = 
= s T a P ■ ep ® e a = s T t i ■ dj ® dx l , {V) 

where 

p T = p T ■ u+ T ir = p T ■ u + t tt — L ■ Kr ir , (105) 



( s T)g = u® PT + T s®u+ T S = s T at3 ■ e a ® ep = s T ij ■ d t ® dj , (106) 

g( s T) = g{u) ® g{ PT ) + g{ T s) ® g(u) + g{ T S)g = , . 

= s T a p ■ e a ® e' 3 = 8 T i:i ■ dx l ® dx^> , { ' 

g(u,pr) — p T ■ e , T k) — , h u (p T ) — h u ( T ir) , (108) 
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h u {h u ) = h u {g) = g{h u ) , h u ( G ir) = ( G ir)h u = g( G 7r) = { G v)g , (109) 



K{pg) = g{ G *) , g tt = g[K{ PG )] , (110) 

g( T ir) = h u (p T ) , t tt = g[h u (p T )] ■ 
In a co-ordinate basis S T, ( s T)g and g( s T) can be written in the forms 

s T t i = p Ti ■ + u t ■ T si + g- k ■ T S> k , (111) 

PT =p l T -di , p T j = g } i ■ Pt , 

,r*j = s T k 4 • = «' • p> T + T s l ■ v? + T S ij , (112) 

8 Tij = g i% ■ s Tj k = u t ■ p Tj + T s t ■ Uj + T S tj . (113) 

The variational energy-momentum tensor of Euler-Lagrange Q can be rep- 
resented by means of the projective metrics h u , h u and the momentum density 
Pq in the forms 



Q = -_u® g{ PQ ) - Q s® g{u) - (°-S)g = 
= Q a ■ e/3 ® e a = ■ dj ® dx l , 



(114) 



(Q)g = - u ® p Q - Q s ® u - Q S = Q af3 ■ e a ® ep = Q ij ■ d l ® dj , (115) 

(116) 



g{Q) = - g{u) ® <?(pq) - .9( Q s) ® -g( Q S)g = 

= Qafi ■ e a <Si e 13 = ■ dx l ® (ix- 7 , 



where 



hu{®Tr) = ff («7T) , ff (u « t) = , Mpq) = </(«7r) , 
PQ = Pq-w+ q tt, Q tt = 5[/i«(Pq)] , M°*)=0(°*)> (H7) 
h u (h u ) = h u (h u ) = h u (g) = g(h u ) . 

In a co-ordinate basis Q, (Q)g and <?(<2) will have the forms 

Qi j = - PQ* ■ u j - Ui ■ Q S > - 9iI ■ QS> k , (118) 

Q« = Q k 1 ■ g^ = - u l -p 3 Q - Q s l ■ v? - Q S 13 , (119) 

Qij = g t k -Qj k = - ui- PQj - Q Sl ■ uj - Q s lJ , (120) 
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PQ* = 9~ k ■ Pq , Q ^ = g a - Q s l , Q S l3 = g- k •« S kl ■ % . 

On the analogy of the notions in the continuum media mechanics one can 
introduce the following definitions connected with the notion momentum density 
of a given energy-momentum tensor: 

A. Generalized canonical energy-momentum tensor 9 

(a) Momentum density of 9 

Pe = --[g(u)]{6){g)= Pe -u+\ . 

e 

(b) Convective momentum density of 9 Pe' u - 

B. Symmetric energy-momentum tensor of Belinfante S T 

(a) Momentum density of S T 

Vt = \- [g{u)]( s T)(g) = p T ■ u + T ir . 

(b) Convective momentum density of S T p T ■ 

u. 

C. Variational energy-momentum tensor of Euler-Lagrange Q 

(a) Momentum density of Q 

PQ = - \ - [g{u)]{Q){g) = - P Q ■ u - Q n . 

(b) Convective momentum density of Q pq ■ 

u. 

From the covariant Noether identities for the rest mass and the conductive 
momentum densities, it follows the identity for the momentum density of the 
different energy-momentum tensors 

pg=p T -pQ . (121) 

If the Euler-Lagrangian equations S V L/5V A b = for the non- metric tensor 
fields are fulfilled and g Q — 0, then 

Pe=PT- (122) 

The representations of the energy-momentum tensors of the type 2 is anal- 
ogous to the representations of the energy-momentum tensors of the type 1 by 
the use of h u , h u and the momentum density. 

4 Energy- momentum tensors and the energy flux 
density 

In the first section the notion of energy flux density has been introduced for a 
given energy-momentum tensor G as 

e G = G(u) = e ■ (p G ■ u + G s) . 
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The energy-momentum tensors can be now represented by the use of the 
projective metrics h u , h u and the energy flux density in the forms 

G = \ ■ e G ® g(u) + u® g( G ir) + ( G S)g = 
= G a 13 ■ ep ® e a = Gi j ■ dj ® dx l , 



(126) 



(G)g = i • e G ® u + u ® G ir + G S = G al3 ■ e a ® e p = G t] ■ d t ® dj , (123) 

g(G) = \ ■ g(e G ) ® g{u) + g(u) ® 5 ( g tt) + g( G S)g = 

= G a(3 ■ e a ® e 13 = G i:j ■ dx l ® dx J . { ' 

The Kronecker tensor Kr can also be represented by the use of e#>, where 
e Kr = Kr(u) =k-u + e- Kr s ^ e ■ ■ k ■ u + Kr s) . (125) 

The structure of e G allows the introduction of the abbreviations: 

(a) Convective energy flux density of the energy-momentum 
tensor G p G ■ e ■ u. 

(b) Conductive energy flux density of the energy-momentum 
tensor G e. • s. 

The generalized canonical energy-momentum tensor 9 can be represented in 
the form 

= \ 1 e e ® g{u) + u ®g{ 6 Ti) + { e S)g = 
= d a 13 ■ e/3 ® e a = Oi j ■ dj ® dx l , 

where 

eg = 6(u) = e ■ (p g .u + e s) = eg ■ e a = e\ ■ <9; , 
or by means of the forms 

(6)g = i • eg ® u + u ® e n + e S = 6 af} ■ e a ® e p = ij ■ d t ® dj , (127) 

9(0) = \ ■ ff(ee) ® + ® s( e ^) + .9( e S).9 = n ^ 

= # Q /3 • e Q ® e' 3 = % • dx l ® dx^ . k ; 

In a co-ordinate basis 0, (#)g and g(#) will have the forms 

0; j = \ ■ Ui ■ e\ + 9 n l ■ u* + g~ k ■ 6 , (129) 

ij = 6 k i ■ g Ij = - ■ ei ■ u 1 + u l ■ V + 6 'S ij , (130) 
e 

9 a = 9 t k ■ 6 j k = \ ■ e 0i ■ u j + u i ■ 07T j + . ( 131 ) 
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The symmetric energy-momentum of Bclinfante S T can be represented by 
the use of ex in the form 

S T = \ ■ e T ® g(u) + u ® <?( t tt) + { T S)g = . , 

= s T a P-e ®e a = sTi'-dj ® dx* , [ * ! 

where 

ex = s T(u) — e ■ (p T ■ u + T s) = e T ■ e a — e T ■ di , (133) 
or by means of the forms 

( s T)g = ^--e T ®u + u® T ir+ T S = s T af3 ■ e a <8> ep = s T ij ■ d t ® dj , (134) 



g(sT) = \ ■ g{e T ) ® g{u) + g{u) ® g{ T ir) + g( T S)g = 
= sT af3 ■ e a ® e (i = s T i:j ■ dx l ® dx 1 . 

In a co-ordinate basis S T, ( s T)g and g( 3 T) will have the forms 



(135) 



8 T t j = X - ■ m ■ e? T + T n l ■ v? + g i% ■ T S> k , (136) 

S T« = s T k 4 ■ gU = --ei r -u j +u i - T n j + T S^ , (137) 

e 

s T ij = 9ik ' sTj k = ^ • e Tl ■ Uj + m ■ T -Kj + T Sij , (138) 

e Tl = g- k ■ 4 . T Sr 3 = g- k ■ T S kl ■ % . 

The variational energy-momentum tensor of Euler-Lagrange Q can be rep- 
resented in an analogous way by the use of the energy flux density eg in the 
forms 



Q = - \-e Q ®g{u)-u®g{ c >ir)-{ c >S)g= . . 

= Q a p ■ e fi ® e a = Qii ■ dj ® dx l , y ' 

where 

e Q = - Q{u) = e ■ (p Q ■ u + Q s) = eg ■e a = e i Q -d i , (140) 
or by means of the forms 

(Q)g = - ^ • e Q ® u - u ® Q n - Q S = Q af> ■ e a ® e p = Q lJ ■ d t ® dj , (141) 

g(Q) = - \ ■ g(e Q ) ® g{u) - g {u) ® g^w) - g (Qs) g = 

= Q a (3 ■ e a ® eP = Qij ■ dx l ® dxi . y^ A > 
In a co-ordinate basis Q, (Q)g and g(Q) will have the forms 
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Q 13 =Q k l ■ a kj = - \ • <?q ■ u j - u { - Q -k 1 - Q s^ , 

Qij — 9ik ' Qj ~ ~ ~ ' e Qi ' U j ~ U i ' < ^ 7r J — *"* ' Sij j 

e Ql = g$ ■ e k Q , Q S l3 = 9iI ■ Q S kl ■ gj. . 

On the analogy of the determined notions, the following abbreviations can 
be introduced for a given energy-momentum tensor: 

A. Generalized canonical energy-momentum tensor 8. 

(a) Energy flux density of e$. 

(b) Convective energy flux density of 6 p e ■ e • u. 

B. Symmetric energy-momentum tensor of Belinfante S T. 

(a) Energy flux density of S T ex- 

(b) Convective energy flux density of S T p T ■ e ■ u. 

C. Variational energy-momentum tensor of Euler-Lagrange Q. 

(a) Energy flux density of Q eg. 

(b) Convective energy flux density of Q pq ■ e • u. 

By means of the covariant Noether identities for the rest mass density and 
for the conductive energy flux density the identity for the energy flux density 
follows in the form 

eg ee e T - e Q . (143) 

The relation between the momentum density and the energy flux density 
follows from the structure of their definitions 

Pg = P G ■ u + Gn i e G = (P G ■ u + ° s ) ■ e i G ~ (d, S T, Q) . 
From the last expressions the relations 

PG = - • e G + G tt - G s , (144) 

e 

e G = (PG + G s - G tt) • e (145) 

follow. 

By the use of the different representations of the energy-momentum tensors 
the different physical processes can be investigated. The application of an repre- 
sentation will depend on the role of the considered quantity (rest mass density, 
momentum density or energy flux density) in the dynamical process. 

The physical interpretation of the introduced notions has been used for de- 
scribing Lagrangian systems in V4-spaces, where the contravariant vector field 
u has been interpreted as a time-like vector field tangential to the trajectories 
of the moving in the space-time particles. A V^-space is considered as a model 
of the space-time. 
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5 Covariant divergency of a mixed tensor field 



The operation of the covariant differentiation along a contravariant vector field 
can be extended to covariant differentiation along a contravariant tensor field. 

The Lie derivative £^u of a contravariant vector field u along a contravariant 
vector field £ can be expressed by the use of the covariant differential operators 

and V u in the form 

£ iU = V £ u - V„e - u) , £, u G T(M) , 

where T(£, u) is the contravariant torsion vector field 

T(£,u) = Topi ■ e ■ v? • e 7 = Ta k -e- u j ■ d k , 

constructed by means of the components T Q/ 3 7 (or k ) of the contravariant 
torsion tensor field T. 

The Lie derivative £^V of a contravariant tensor field V — V A ■ e A = V A ■ 
d A G (g> m (M) along a contravariant vector field £ can be written on the analogy 
of the relation for £^u and by the use of the covariant differential operator 
and an operator Vy in the form 

£ ( V = \7 ( V - Vy£ - T(f , V) , £ G T(M) , V G ® m {M) , 

where 

we - -r //3 • s Ba A ?-v B -e A = -e w - • s Ci • ^ • a A , 

T(£, V) = T B7 ^ • C ■ V B ■ e A = T ck A - e-V c -d Al 
T Bl A = T fJl a - S Ba A ? , T ck A = Tjk i ■ S Ci Aj • 

Vy£ appears as a definition of the action of the operator Vy on the vector 
field £. Let we now consider more closely this operator and its properties. 

Let a mixed tensor field K G ® k i (M) be given in a non-co-ordinate (or 
co-ordinate) basis 

K = K c D -e c ®e D = K Cia D ■ e Cl ® e a <g e D , 
ec = e Cl ® e a , e D = e ai <g> ... <g e ai . 

The action of the operator Vy on the mixed tensor field K can be defined 
on the analogy of the action of Vy on a contravariant vector field £ 

V V K = -K Cia D/p ■ S Ba A0 ■ V B ■ e Cl ®e D ®e A , (146) 

where Vy is the covariant differential operator along a contravariant tensor field 
V 

Vy : if ^ V V K , K G ® k i{M) , V G ® m {M) , V V K G ® fc - 1+m ,(M) . 

Remark. There is an other possibility for a generalization of the action of 
Vy on a mixed tensor field 

VvK = - ELi K a i- a ™- a * D/p .S Bam A0 .V B .e ai ® ... <g> e„ m _ 1 ® e Q? „ +1 ® 

... (g) e Q(e (g) e D (g) eA . 
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The result of the action of this operator on a contravariant vector field £ is 
identical with the action of the above defined operator Vy . 

Remark. A covariant differential operator along a contravariant tensor field 
can also be defined through its action on mixed tensor fields in the form 

V V K = K c D /t3.V Alp .e c <8> e D <8> e Al . 

The operator Vy differs from Vy in its action on a contravariant vector field 
and does not appear as a generalization of the already defined operator by its 
action on a contravariant vector field. It appears as a new differential operator 
acting on mixed tensor fields. 

The covariant differential operator Vy has the properties: 

(a) Linear operator 

Vy(a ■K 1 +(3-K 2 ) = a- V V K 1 + f3 ■ V V K 2 , 
a , (3 e R (or C), K 1: K 2 e ® k i{M) . 



The proof of this property follows immediately from (146) and the linear 
property of the covariant differential operator along a basic contravariant vector 
field. 

(b) Differential operator (not obeying the Leibniz rule) 

V V {K®S) = V efi K®SP + K®V V S , 
K = K A B -e A ®e B , V^ K = K A B/p ■ e A ® e B , 
S = S c D ■ e c <g> e D = S Cia D ■ e Cl ® e a ® e D , 
- -S Cia D -S Ea F(3 -V E -e Cl ®e D ®e F . 



The proof of this property follows from the action of the defined in (146) 
operator Vy and the properties of the covariant derivative of the product of the 
components of the tensor fields K and S. 

If the tensor field V is given as a contravariant metric tensor field g, then 
the covariant differential operator Vy (V — g) will have additional properties 
connected with the properties of the contravariant metric tensor field. 

Definition 2 Contravariant metric differential operator Vg. Covariant differ- 
ential operator Vy for V = g. 



By means of the relations 



(147) 



~S Ba A P-g B -e A = (g- ■ gf>* + g- ■ g^).e a ® e K = 

e CT .e K = -(e CT ® e K + e K ® e„) , 
K Cia d/0 ■ 91 = K c ^ Dl0 , (148) 
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the action of the contravariant metric differential operator on a mixed tensor 
field K can be represented in the form 



VgK = {K c >° D/l3 ■ + K c ^ D/0 ■ gP°) ■ e Cl ®e D ®e„®e K = . . 

The properties of the operator Vg are determined additionally by the prop- 
erties of the contravariant metric tensor field of second rank: 

(a) V ? : K VgK , K E ® fe j(M), V?K £ ® k+1 i(M). 

(b) Linear operator 

Vg{a ■K 1 +J3-K 2 )=a- VgK x + ■ VgK 2 . 

(c) Differential operator (not obeying the Leibniz rule) 

Ke® k i(M), Se® m r (M), 

K = K A B -e A ®e B , K = K A B//3 ■ e A ® e B , (150) 
S =^S c D ■ e c <S> = S Cia D ■ e Cl <8> e a <g> e D , 
SP = (S c ^ o-g^ + S^D- g^) • e Cl ® e D ® e a .e K . 



Remark. The definition of Vg in (149) differs from the definition in H, where 
Vg = Vw, i- e. the contravariant metric differential operator is defined in the 
last case as a special case of the covariant differential operator Vy for V = g. 

The notion of covariant divergency of a mixed tensor field has been used in 
V"4-spaces for the determination of conditions for the existence of local conserved 
quantities and in identities of the type of the first covariant Noether identity. 
Usually, the covariant divergency of a contravariant or mixed tensor field has 
been given in co-ordinate or non-co-ordinate basis in the form 

SK = K Af} B/p ■ e A <g> e B = K Cl D . % ■ d c ® dx D , (151) 

where 

K A ? B/0 =K A ? Bh -g} , K Ci D . i = K Ci D . k .gt . (152) 

For full anti-symmetric covariant tensor fields (differential forms) the covari- 
ant divergency (called also codifferential) S is defined by means of the Hodge 
operator *, its reverse operator * and the external differential operator a d in 
the form g(J, §l| (pp. 147-149) 

* = ^ 1 o a rfo*. (153) 

Remark. The Hodge operator is constructed by means of the permutation 
(Levi-Chivita) symbols. It maps a full covariant anti-symmetric tensor of rank 
(0,p) = a ® p M) = K P (M) in a full covariant anti-symmetric tensor of rank 
(0,n-p) = a ®n- P (Af) = A"- p (M), where dimM = n, 

*: a A^* a A, a A e A P (M) , * „4 6 A n ~ p (M) , 
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with 

a A = A [il ,„ ip] .dx il A...Adx ip , * a A = *A [jl ,„ jn _ p] .dx jl A ... Adx jn ~" , 
*%...*.-,] = ^•^...^ 1 ...,„- P ^ [il - <pl , A^=g i ~ k K...g i ^.A [kl ... kp] , 

*-! = (_l)P-("-P). * 

By the use of the contravariant metric differential operator Vg, the covariant 
metric tensor field g and the contraction operator one can introduce the notion 
of covariant divergency of a mixed tensor field K with finite rank. 

Definition 3 Covariant divergency SK of a mixed tensor field K 
SK = ^.[WgK}g = K A ? BI0 .e A ® e B = K Cl D;l .5 c ® dx D , 

where 

K = K A P B ■ e A ® e/3 <8> e s = if Cl D • d c <8> d t <g> dx D , 
^e®'i(M), fc>i. 

<5 is called operator of the covariant divergency 

S:K^SK, Ke<E> k i(M), SK G <8> fe_1 j(M) , fc > 1 . 

Remark. The symbol (5 has also been introduced for the variation operator. 
Both operators are different from each other and can easily be distinguished. 
Ambiguity would occur only if the symbol S is used out of the context. In such 
a case, the definition of the symbol S is necessary. 

The properties of the operator of the covariant divergency 5 are determined 
by the properties of the contravariant metric differential operator, the contrac- 
tion operator and the metric tensor fields g and g 

(a) The operator of the covariant divergency 6 is a linear operator 



5(a-Ki+/3-K 2 )=a-6K 1 +P- SK 2 , 
a,p G R (or C) ,K U K 2 6 ® k i{M) . 



kj^ (154) 



The proof of this property follows immediately from the definition of the 
covariant divergency. 

(b) Action on a tensor product of tensor fields 

5{K ® S) = V S K + K ® SS , (155) 

where 

K = K A B -e A ®e B , S = S cfi D ■ e c ® e <8> e D , _ . . 

W S K = K A sin ■ S cf3 D ■ e A ® e B eg) e c ® e D (see above Vy) . 1 J 

The proof of this property follows from the properties of and from the 
relations 

i[V 6(3 X ®S P}g = K A Bin ■ S CI3 D ■ e A ® e B ® e c ® e D , (157) 
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[K <8> VjS}g = K®-- [VjS}g = K®5S . (158) 



l -[K®VjS]g = K® 1 - 
(c) Action on a contravariant vector field u 

1 



= § ' = //J =«';<■ (159) 

(d) Action on the tensor product of two contravariant vector fields u and v 

5(u <g> v) = V v u + 5u ■ v , V v u = V v u. (160) 

(e) Action of the product of an invariant function L and a mixed tensor field 

K 

8{L.K) = V K L + L-5K , (161) 

W K L = L /f) ■ K A P B ■ e A <g> e B , 5K = K A/S B/0 ■ e A ® e B , 

L/0 = e f3 L , L VI = L ti , (162) 
K = K A ? B ■ e A <8> ep ® e s e ® fe ,(M) . 

Special case: Action of the product of an invariant function L and the con- 
travariant metric tensor g: 

S(L.g) = (L /p ■ g^ + L ■ g a(i l0 ) = (L , • ff « + L • ff « ;J ) . (163) 

(f) Action on an anti-symmetric tensor product of two contravariant vector 
fields u and v 



S(u A v) = j • (V^u — V„w + <5t> • it — <5m • u) = 
= — \ ■ [£uV + T(u, v) + Su ■ v — Sv ■ u] . 



(164) 



(g) Action on a full anti-symmetric contravariant tensor field A of second 

SA = \. (A a/3 - AP°) IP ■ e a = \ ■ (A ij - A>% ■ , 

A = A a P ■ e a A ep = A^ ■ di A dj , A a ^ = - A^ a . { ' 

(h) Action on a tensor product of a contravariant vector field u, multiplied 
with an invariant function, and a covariant vector field g(y) with the contravari- 
ant vector field v 

S(e-u(g> g{v)) = (ue) ■ g(v) + e ■ [Su ■ g(v) + (V u g){v) + g(V u v)} = 

= [us + e ■ Su] ■ g(v) + e • [(V«j)(b) + g{V u v)\ , (166) 
eeC r (M), e'(x k ') = e{x k ) , u,v G T(M) . 

Special case: v = u: 

S(e ■ u(g> g{u)) = [ue + e ■ Su] ■ g(u) + e ■ [(V u g)(u) + g(a)] , V u u = a . (167) 

Special case: e = 1: 

5(u ® g(v)) = Su ■ g(v) + (V„ff)(v) + g{V u v) . (168) 
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5.1 Covariant divergency of a mixed tensor field of second 
rank 

From the definition of the covariant divergency 5K of a mixed tensor field K, 
the explicit form of the covariant divergency of tensor fields of second rank of 
the type 1. or 2. follows as 



5G = \ I V 9 G ]9 = G « If* ■ e " = G * j ti ■ dxl 



8G = ^[VgG]g = GP a/p -e a = Gi t , ■ dx* 



(169) 



(170) 



B y th e us e of the relations (159) -r (164), ( |166| ) -j- ( 168 ), and the expression 
[see (gill) (HI)] 



V„(ff(u)) = V„($(u)) = (V fl)(u) + 5(V„u) , 

S(g(u) ®v)=6v g{u) + (V„sO(u) + g(V v u) , 
<5(( G S) 5 ) = (g a - ■ G S^) /0 ■ e<* , 



(171) 

(172) 
(173) 



the covariant divergency of the representation of G by means the rest mass 
density p G (e G = p G ) 

G = p G -u® g{u) + u® g( G n) + G s <g> g(u) + { G S)g, 

can be found in the form (V u it = a) 

6G = p G - g(a) + (up G + p G -Su + S G s) ■ g(u) + Su ■ g{ G n) + g{V u g tt)+ 
+ g{Va s u) + p G ■ (V u g)(u) + (V m5 )( G 7t) + (Va s g){u) + 6(( G S)g) . 

(174) 

g(8G) will have the form 



g{SG) — p G ■ a + (up G + p G ■ Su + 5 s) ■ u + 5u ■ G n + V„ G n+ 
+ Vg s u + p G -g{V u g){u) + g{V u g){ G n) +g(Va s g)(u) +g(6(( G S)g)) . 

(175) 

In a co-ordinate basis SG and g{8G) will have the forms 

G i 3 \3 = Pg ' a i + {PG,j -u 3 + p G -ui ;j + G s° .j) ■ u t + u 1 j ■ G ir l + 
+ .9,7 ' -,k-u k + u> ;fc • G s k ) + g ij;k ■ (p G ■ u k ■ u 3 + u k ■ G ^ + G s k ■ 



(176) 



a t = gn ■ a 3 , a 1 = u l .j ■ v? , p Gi = p G 



Ui = ■ u k , g tt 1 = g,, - G ir 3 



g lk ■ G k i -j p G -a { ■ (p GJ ■ ui + p G ■ ui ;j + G y -j) ■ „' + ui .j ■ G ir l _+ 
+ g tt 4 ,j ■ ui + u l -j ■ G s j + g fl ■ gi j;k ■ (p G ■ u k ■ ui + u k • g ttJ + G s k ■ u j )+ 



+ 9 U ■ (gik ■ G si k h . 



(177) 
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The relation between SG and SG follows from the relation between G and G 



G = g(G)g : SG = 5{g{G)g) = - [V w (g(G)g)} . (178) 



The covariant divergency of the Kronecker tensor field can be found in an 
analogous way as the covariant divergency of a tensor field of second rank of the 
type 1 , since Kr = g^ ■ e a <g> e' 3 = g % - ■ di <g> dx^ 

SKr = \ [VjKr]g = <& /fi ■ e a = ■ dx* . (179) 
If we use the representation of Kr 

Kr=^-k-u® g(u) +u® g( Kr w) + Kr s ® g(u) + ( Kr S)g , 

then the covariant divergency SKr can be written in the form 

5Kr=\-k- g(a) + [u{\ ■ k) + \ ■ k ■ 5u + 5 Kr s] ■ g(u)+ 

+5u ■ g{ Kr ir) + e g(V u K? V) + g{V Krs u)+ (180) 
+ \ • k ■ (V u g)(u) + (V u g)( Kr ir) + (W. s3 )( U ) + S(( Kr S)g) , 

or in the form 

g(SKr) = \-k-a+ [u{\ -k) + \- k-Su + 5 Kr s] ■ u+ 

+ Su- Kr ir + V u Kr TT + V Krs u+ (181) 
+ \ ■ k-g{V u g){u) + g{V u g){ K ^)+g{V Krs g){u)+^{ Kr S)g)) . 

In a co-ordinate basis SKr and g(SKr) will have the forms 

gj -j = \ ■ k ■ at + [(i • k) d • // •' • ± ■!,■■<,■ d + Kr si ,j] ■ u t + 

+ v? ,j ■ + g g ■ ( Kr iri ;fe • u k + v? ifc • Kr s k )+ (182) 
+ 9ir,k -{\-k-ui -u k + Kr tf ■ u k + v? ■ Kr s k ) + ( 3iI • Kr S*).j , 

g ik . g { .j = \ ■ k ■ a 1 + [(± • k)j -ui + \-k-ui ,j + Kr si .J ■ u l + 
+ .j ■ Kr ir l + Kr TT l ,j ■ u j + u l .j ■ Kr s j + 

+ 9 fl ■ 9lj;k ■ (§ • k ■ v? ■ u k + Kr Tr J -u k + vJ ■ Kr s k ) + g fl ■ {g m ■ Kr S jk )- tj . 

'(183) 



6 Covariant divergency of the energy- momentum 
tensors and the rest mass density 

The covariant divergency of the energy-momentum tensors can be represented 
by the use of the projective metrics h u , h u of the contravariant vector field u 
and the rest mass density for the corresponding energy-momentum tensor. In 
this case the representation of the energy-momentum tensor is in the form 

G = {p G + - ■ L-k) - u® g(u) - L ■ Kr + u® g( k n) + k s <g> g(u) + ( k S)g , 
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where 

k n = G Tf , k s = G s , fc S = G S . (184) 
By the use of the relations 

u(p G + \-L-k)=up G + L-u{\-k) + \-k- (uL) = 

= [Pc/a + L ■ (§ • k) /a + \ ■ k ■ L /a ] ■ u a = (185) 

= [p Gj +L-(i- k) tj + \ • k ■ Lj] ■ v? , 

KrL = L /a ■ e a = L ti ■ dx l = V Kr L , (186) 

S(L ■ Kr) = KrL + L ■ SKr , (187) 

S(L -Kr) = \- [Vg{L.Kr)]g = (L.g%) /f3 ■ e a = (L ■ g>) d • dx* = 

= (L /r gP + L-gP / p)-e°' = (L i + L-gl. tj )-dx i , 1 ' 

S(u ® g( G lf)) = Su ■ g{ G W) + g(V u G tt) + (V„. 9 )( G 7f) , (189) 
S( G s ® g(u)) = S G s ■ g(u) + g(Va lU ) + (Va ig )(u) , (190) 
S(( G S)g) = (g a - ■ G S^) f p ■ e a [see @], 
(5G and g{5G) can be found in the forms 

<5G = (p G + \ ■ L ■ k) ■ g(a)+ 
+ Hp g + \-L-k)+ (p G + \-L-k)-8u + S G s] ■ g{u)- 
- KrL - L ■ SKr + Su ■ g( G if) + g(V» g tt) + .g(Vc^)+ (191) 
+ (p G + i • L ■ k) ■ (V„ff)(«) + (V u5 )( G 7f) + (Vgj S )( U ) + 
+ S(( G S)g) , 

g{5G) = (p G + l.L-k)-a+ 
+ [u(p G + \ ■ L ■ k) + [p G + ~ ■ L ■ k) ■ Su + S G s] ■ u- 
- g{ KrL) - L.g(SKr) + Su ■ + V u G W + V Gj m+ (192) 
+ {p G + \-L- k)-g{V u g){u) +j(V u g)( G W) + g{Wa- s g){u) + 
+ g(5{( G S)g)) • 
In a co-ordinate basis SG and ~g(SG) will have the forms 

Gi j ■ j = (p G + l-L-k)-a i + 
+ [(p G + i • L ■ k)j -v? + (p G + I • L • fc) • v? .j + G V .j] ■ Ui - 
-L ti - L ■ gf.j + u j . tj ■ G Wi + g q ■ ( G 7f J - k j u k + u j - k ■ G s k )+ (193) 
+ 9ij;k ■ [(p G + \ ■ L ■ k) ■ u~i -u k + G 7fJ • u k + u^ ■ G s k } + 
+ (9 i - k - G S jk ) ;j , 

■ G k > .j = (p G + i • L ■ k) ■ a*+ 
+ [(p G + \ ■ L ■ k)j ■ v? + (p G + \ ■ L ■ k) ■ u> . tj + G 7s> .j] ■ u>- 
—Lj ■ g» I. ■ a'' • !,!. ;j + v,i y • G 7f i + ''V , 3 ■ U i + u % , 3 ■ <: s' ■ (194) 

+ 9 fl ■ 9lr,k ■ l(p G + \ ■ L ■ k ) ■ ul ■ uk + G k J ■ u k + vP ■ G s k } + 
+ 9 iJ -(9 lk -- G Si% . 
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On the grounds of the representations of SG and ~g(SG) the representation 
of the different energy-momentum tensors 9, S T and Q can be found. 

The covariant divergency 89 of the generalized canonical energy-momentum 
tensor (GC-EMT) 9 can be written in the form 

59 = {p e + \-L-k)-g{a) + 
+[u(p e + \ ■ L ■ k) + (p e + \ ■ L ■ k) ■ 5u + S s}- g(u)- 
- KrL - L.SKr + 8u ■ g( 9 Tf) + g(V u 6 tt) + g(Vo 1 u)+ (195) 
+ (p e + | • L ■ k) ■ (V u g)(u) + (V u g)( e if) + (V.rf)(u)+ 
+ S(( e S)g) , 

or in the form 

9(50) = ( Pe + l.L-k)-a+ 
+ [u(Pe + \- L-k) + (p g + \-L-k)-5u + 5 e s] ■ u- 
- g{ KrL) - L ■ g(8Kr) + Su ■ "if + V u e W + Ve 3 u+ (196) 
+ (p g + \ ■ L ■ k).g(V u g)(u) +]j{Vug)( e Tf)+g{Ve- s g)(u) + 
+ 9(S(( e S)g)) . 

In a co-ordinate basis 59 and g(S9) will have the forms 

e i i. ij = (p e + l-L-k)-a i + 
+ l(Pe + k) d -ui+ (pg + l.L-k)- v? -j + e V „•] • Ui- 

-L,i - L ■ gj.j + v? - tj • e 7f« +gg ■ ;fc _- u k + vP jk ■ e s k )+ (197) 
+ 9ij;k ■ [(fie + \-L-k)-u> _u k + e Tfi ■ u k + ui ■ e s k } + 
+ (9 i - k - e S jk h, 

t l ■'Ok 3 ■ tj = (p e + l-L-k)-a i + 
+ [( Pe + \-L- k) tj ■ v? + { Pe + \-L-k)-ui , 3 + 8 ^ .j] ■ u*- 
-L tj ■ g ij -L-g lk ■ g{ ;j + v? ;j • "tt* + 9 tT -j ■ w> + u l ;j • e ^ + (198) 
+ 9 lJ ■ 9lj;k ■ [{p g + | • L ■ k) ■ v? ■ u k + e Tfi ■ u k + v? ■ e s k } + 

+ g {i -(g l - k - e S^). tj . 

The covariant divergency S S T of the symmetric energy- momentum tensor of 
Belinfante (S-EMT-B) S T, represented in the form 

S T = (p T + i • L ■ k).u ® g(u) - L ■ Kr + u® g( T n) + T s ® g(u) + ( T S)g , 

can be found in the form 

S S T = (p T + \ ■ L ■ k).g(a)+ 
+ [u(p T + \-L-k) + (p T + \-L-k)-8u + S T s] ■ g(u)- 
- KrL -L-SKr + Su- g( T Tf) + g{V u T W) + 9 (Vt^u)+ (199) 
+ ( Pt + I . L ■ k) ■ (V u <?)(«) + (V u g){ T lf) + (Vt 35 )(«)+ 
+ H( T S)g) , 
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or in the form 

g(S s T) = (p T + \ ■ L ■ k) ■ a+ 
+ [u(p T + \-L-k)+ (p T + \-L-k)-5u + S T s] ■ u- 
- g( KrL) - L ■ g(SKr) + Su ■ T W + V U T W + VtjU+ (200) 
+ (p T + \-L-k)- g(V u g){u) +j(V u g){ T if) + g(V T1 g)(u)+ 
+ g(5(( T S)g)) • 

In a co-ordinate basis 5 S T and g(5 s T) will have the forms 

sTi 3 ;J ; = (p T + \ ■ L ■ k) ■ di + 
+ [(p T + \-L- k) d ■ u j + (p T + \-L-k)- u j d + T s j .j] ■ Ul - 
-L,i - L ■ g\. 3 + v? , 3 ■ T Wi +g g ■ ( T W j - k _- u k + v? jk ■ T s k )+ (201) 
+ 9ij;k ■ [(p T + \-L-k)-v? -u k + T ¥ ■ u k + u? ■ T s k } + 

g*- s T k ^ . j = {p T + l-L-k)-a i + 
+ [{p T + \-L- kj.j -v? + (p T + \-L-k)- vP -j + T s^ -j] ■ u l - 
—Lj ■ gV -L-g lk ■ g{ ;j + v? - tj ■ T T* + T 7f i d ■ u^> + u l ;j • T W + (202) 
+ / ■ 9iy,k ■ l(p T + \ ■ L ■ k) ■ vJ -u k + T ¥ ■ u k + vJ ■ T s k } + 

The covariant divergency 6Q of the variational energy-momentum tensor of 
Euler-Lagrange (V-EMT-EL) Q, represented in the form 

Q = - p Q ■ u ® g{u) - u ® g{ Q ir) - Q s® g{u) - { Q S)g , 

follows in the form 

S Q = - Pq ■ 9(a) - (up Q + p Q -Su + 5 q s) ■ g(u)- 

- Su ■ g{Qn) - g{V u «tt) - g{V Qs u)- (203) 
- p Q ■ (V ufl )(«) - (V u g)( Q ir) - (Vq^Xu) - 5((QS)g) , 

or in the form 

g(SQ) = -p Q -a- (up Q + p Q -Su + 8 Q s) ■ u- 

- 5u- V u q tt- V Qs u- (204) 

- P Q -g(Vug)(u)-g(V u g)(Qn)-g(V Qs g)(u) - g(S(( Q S)g)) ■ 

In a co-ordinate basis SQ and g(5Q) will have the forms 

Q, 3 ;j = ~ PQ-O-i- {PQ,j ■ • l>Q ■ " ' ;j + ;j) ' "i" 

- v? -j ■ _ Q 7r, - g fj -_(«7rJ , k ■ ^ + ^ , k ■ « s k )~ (205) 
- 9ir,k ■ (Pq ■ ui ■ u k + Qni ■ u k + v? ■ ^ s k ) - (g$ ■ ^S^ k ) ;3 , 

t k ■ Qk 3 ;j l><.> ■ "' [Pq.j ■ u j + Pq ■ u 3 -j + ' ' -j) ■ 

- it? .j ■ ®ir l - ®t: 1 .j -v? -u l .j ■ ( 's-' (206) 

- 9 fl ■ 9lj;k ■ {Pq -uJ-u k + -u k + v? ■ Q s k ] - g a ■ {g m ■ Q^ fe ) ;j . 
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7 Covariant divergency of the energy- momentum 
tensors and the momentum density 

In the previous chapter the energy-momentum tensors are represented by the 
use of the projective metrics h u , h u and the momentum density p. For this type 
of representation of a tensor field G of the type 1., which has the form 

G = u ® g(pa) + G s ® g(u) + { G S)g , 

the covariant divergency SG can be calculated in the form 



(207) 



(208) 



(209) 



(210) 



SG = g{V u p G ) + Su ■ g(p G ) + S G s ■ g(u) + g{Va s u) + {V u g){p G ) + 
+ (Va s g)(u) + S(( G S)g) , 

or in the form 

g{6G) = VuPG + Su- p G + S G s ■ u + \7g s ii + g(V ' u g)(pG)+ 
+ g(Va s g)(u)+g(d(( G S)g)) . 

In a co-ordinate basis SG and ~g(6G) will have the forms 

Gi i w - = g,- ■ {p G . k -_u k + u k ;fc • p J G + G s k ifc • v? + v? - k - G s k ) + 
+ 9ir,k ■ (P 3 G -u k +vJ- G s k ) + {g m ■ G &% , 

gik . Qk j -j = P G .j ■ ui + V? -j ■ p G + G s3 d ■U l + U i .j ■ °S j + 

+ 9 S ■ 9lj;k • (pl -u k +vP- G s k ) + / • (g a ■ G &% . 

On the other side, the covariant divergency of (G)g can be found. (G)g is 
represented in the form 

(G)g = u® PG + G s®u+ G S = G alB • e Q e/3 = G y ■ d l ® d 3 . (211) 

(5((G)#) will have the form 

S((G)g) = V U G S + V PG u + Sp G -u + Su- G s + S G S , (212) 

Ga8 G „a „,B , „n B , n ,a , „,fl G „a , G oaB (o~\1\ 

IB = s /p-u y +u /b-P g +Pg/P' u + M //3" s + * IB ) (21 a) 

G'-' , = , 3 ■ iv + u l , 3 ■ p> G + p> G d ■ u l + u 3 , 3 • + G S ij .j , (214) 

Qa 3 = a . g ~B ^ Qij = Q k i . g kj _ 

The covariant divergency (50 of the generalized canonical energy-momentum 
tensor follows from (207) and (208) in the form 

69 = g(W u p e ) + 5u ■ g(p g ) + S e s ■ g(u) + g(We s u) + (V u g)(pe)+ m ~s 
+ (y Ss g)(u) + S(( s S)g) , 1 ° j 
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or in the form 

g(88) = V u pe + Su ■ p e + S 6 s ■ u + Ve s u + g(V u g)(pe)+ 
+ g(Ve s g)(u) + g(5(( e S)g)) . 

In a co-ordinate basis 88 and g(S9) will have the forms 

6i 3 ;j = 9i] ■ (pj ifc • _«* + u k .fc • pj + e s k , k ■ v? + v? , k ■ e s k ) + 
+ 9ir,k-(pi-u k + uj. 9 s k ) + (g- k - , 

g tk ■ k 3 ;j = P l e ,y_ u j + u j • Pe + e s j , d ■v l + u t ;j • <V+ 
+ / ' 9lj;k ■ (p 3 e -u k + vP- e s k ) + g fl ■ ( 9lI ■ e S^ k ). J . 

The covariant divergency S S T of the symmetric energy- momentum tensor of 
Belinfantc S T can be written in the form 



(216) 



(217) 



(218) 



8 S T = g{V u p T ) + Su ■ g(p T ) + S T s ■ g(u) + g(\7 Ts u) + {V u g){p T )+ 
+ (\7 Ts g)(u) + S(( T S)g) , 

or in the form 

g(S s T) = V uP T + Su-p T + S T s-u + Vt s u + g(V u g)( PT )+ 
+ g(\7 Ts g)(u)+g(S(( T S)g)) . 

In a co-ordinate basis S S T and ~g(S s T) will have the forms 

s T t i d = g.j ■ {p 3 T . k -_u k + u k , k • ?4 + T s k , k ■ v? + v? , k ■ T s k ) + 
+ 9ir,k-(pl-u k + J. T s k ) + (g i - k . T & k )., j , 



(219) 
(220) 

(221) 
(222) 



g ik ■ S T k j -j = p^. L ■ Ul + U j -j ■ p l T + T S3 , 3 -rf+U* .j ■ 7 V + 

+ f l ■ 9lj;k ■ (p 3 T -u k +vJ- T s k ) + / l ■ (g m ■ T S^% . 

The covariant divergency SQ of the variational energy-momentum tensor of 
Euler-Lagrange Q can be found in the forms 

SQ = - gi^uPq) - Su ■ g{p Q ) - S Q s ■ g(u) - g{V Qs u) - (V u g)(p Q )- , . 

- (V Qs g)(u)-5((QS)g) , ^ 

g(SQ) = - V u p Q -Su-pq -S Q s-u- V Qs u - g{V u g)(p Q )- ,„„ 
- g(V Qs g)(u)-g(S(( Q S)g)) . 1 ' 

In a co-ordinate basis SQ and g(SQ) will have the forms 



Q l 3 ;j = - 9Q ■ {p j Q ; k -u k + u k , k - p> Q + Qs k , k ■ + u> , k ■ ® S k )- 
- g ij;k ■ (p 3 Q ■ u k + v? ■ Qs k ) + (g. % ■ QS* k ).j , 

'.l' 1 ■ Qk 3 ;j = - Pq-j ■ u j - u^.j ■ ,, Q - Q S i .j ■ a' a' ;j • 
- f ■ 9ir,k ■ (P 3 Q ■ u k + v? ■ ®s k ) - g' 1 ■ (g lk ■ Q S 3k ), 3 . 



(225) 
(226) 
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8 Covariant divergency of the energy- momentum 
tensors and the energy flux density 

In the previous chapter the notion of energy flux density e G has been introduced. 
By means of it a mixed tensor field G of second rank and of type 1. can be 
represented in the form 

G = - ■ e G (8 g(u) + u ® g{ G n) + { G S)g . 
e 

The covariant divergency 5G of a given through e G tensor field G can be 
found by the use of the relation 

S(- ■ e G ® g(uj) = [ec(-) + - • Se G ] ■ g{u) + - ■ [(V eG g)(u) + g{V ea u)} (227) 
e e e e 



and the property ( 155 ) of S in the form 



5G = g(y u G n) + l- g(V eG u) + [e G (±) + ± • Se G ] ■ g(u) + Su ■ g( G n)+ 
+ i ■ (V ea g)(u) + (V„ 5 )( G 7t) + 5(( G 5) 5 ) , 

(228) 

or in the form 

g(SG) = V„ g tt + i • V eo it + [e G (±) + i ■ Se G ] -u + Su- g tt+ 

+ \ • g(V eG g)(u) + g(V a g)( G ir) + g(S(( G S)g)) . l ^ 9j 

On the other side, the covariant divergency of (G)g can be found in the form 

6((G)g) = - • V„e G + Vg^u + [u(-) + - ■ Su] ■ e G + S G n ■ u + S( G S) . (230) 
e e e 

In a co-ordinate basis SG and ~g{SG) will have the forms 

3 -j = gq ■ { G ^ ; k -u k + ±- v? , k -e k G + [_(I), fc • e G + i • e k G . k ] ■ u> + u k , k ■ G ^}- 
+ 9ij . k ■ [\ ■ v? ■ e% + <V ■ u k ] + (g- k ■ G S>% , 

(231) 

g* ■ G k i ; , = G Ti i , 3 -y + \ ■ u\ 3 - ■ e G + [(I) j ■ e G + i • e G;i ] • u< + ^ ;j • G 7r* + 

+ / • ■ [§ • • e% + <V ■ u k ] + / • (g rk ■ G &% , = (§) j . 

(232) 

The different possibilities for a representation of the covariant divergency 
of the energy-momentum tensors are related to the different possibilities for 
a representation of the first covariant Noether identity for a given Lagrangian 
system with its corresponding energy-momentum tensors. 

The covariant divergency S9 of the generalized canonical energy-momentum 
tensor 9 can be written by the use of the energy flux density eg in the form 



5(V U e ir) + \ ■ g(V ee u) + [e e (±) + i • See] ■ g(u) + Su ■ g( e jr)+ 
+ l.(V ee g)(u) + (V u g)( e 7r) + S(( e S)g) , 



(233) 
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or in the form 

■§(86) = V„ e 7r + \ ■ V ea u + [e e {\) + \ ■ Se e ] ■u + 5u- (> tt+ . . 

In a co-ordinate basis 60 and g(69) will have the forms 

h 3 ti = 5,7 ' {V ;k-u k + ^ u> ;k -e k + [(i), fe ■ e k + \ ■ e k . k ] ■ vP + u k , k ■ V}+ 
+ 9ir,k ■ [§ • ■ e k + M • u k ] + (g- k ■ S S>% , 

(235) 

g ik ■ k * .j = V d -v? + \-v? d ■ el + [(I) • e\ + \ ■ ej. .] • u* + ; , ■ V+ 
+ 9 U ■ 9lj;k ■ [§ ■ ■ e k + V ■ u k ] + g il ■ {g m ■ e S^ k ) ;j . 

(236) 

The covariant divergency 8 S T of the symmetric energy- momentum tensor of 
Bclinfantc S T is found by the use of ex in the form 

6 S T = g(V u T *) + \- g{Ve T u) + [e T (±) + \ ■ Se T ] ■ g{u) + 5u ■ g( T ir) + 
+ l.(V eT g)(u) + (V u g)( r n)+6(( r S)g) , 

(237) 

or in the form 

g(5 s T) = V u t tt + \ ■ V eT u + [er(|) + \ ■ Se T ] ■u + 5u- T ir+ 

+ \ ■ g(V eT g)(u) + g(V u g)(\) + g(S(( T S)g)) . [Z6 *> 

In a co-ordinate basis 8 S T and g(8 s T) will have the forms 

sTi 3 -j = 9q ■ ,k-u k + \- v? , k ■ e k +](i) ifc • e\ + \ ■ e\. k \ ■ vP + u k , k - T ^}+ 
+ gm ■ [\ ■ u? ■ e k + T iJ • u k ] + (g- k ■ T &% , 

(239) 

g l1 • s T k ? -j = T n l ,j + \ -_u l ,j ■ e 3 T ■ 4 + \ ■ e^.J • u* + ;j • t tt 1 + 

+ / l ■ giy.k ■ [| • « J • 4 + T ^ ■ A + / l ■ (a- k ■ T s ]k ) ;3 . 

(240) 

The covariant divergency 5Q of the variational energy-momentum tensor of 
Euler-Lagrange Q can be found by means of eQ in the forms 

SQ = - g(V u Q *)-\- g(V eQ u) - [e Q (D + \ • Se Q ] • g(u) - Su ■ g^ir)- 
-l.(V eQ g)(u)-(V u g)(Qn)-5((QS)g), 

(241) 

WQ) = - V„ Qtt - i • V eQ u - [e Q (D + \ ■ 6e Q ].u - Su ■« tt- 

- \ ■ g(V eQ g)(u) - g(V u g)(Q7r) g(5(( Q S)g)) . [Z ^> 

In a co-ordinate basis SQ and g(5Q) will have the forms 

Qt 3 , 3 = 9ij ■ i Q ^ 3 ;k-u k + 1 -- ui , k -e k Q + [(I) ifc • e k Q + \ ■ e k Q;k ] ■ ^ + u k , k ■ 
- 9ij;k ■ [\ ■ u> ■ e k Q + Qtf ■ u k ] - (g- k ■ Q& k ) ;j , 

(243) 
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9 ik ■ Qk 3 ;j = - Q ^ ;j -ui-l-v} ;j • e 3 Q - ■ e 3 Q + \ ■ e^.J ■ u* - vP ; , • <V- 

- 9 il ■ 9ir,k ■ [\ ■ u j ■ e% + Qiri ■ u k ] - g a ■ {g m ■ Q^' fe ) ;j . 

(244) 

By means of the covariant divergency of the energy-momentum tensors the 
covariant Noether identities can be represented in index-free forms. 

9 Covariant Noether's identities and relations 
between their structures 

The covariant Noether identities 

F a + eJ /p = o , T, ■ o, < ; , i). 

a P _ t P — n P 7i. J _ T j = O j 

for the mixed tensor fields of second rank of the type 1. 9, S T and Q can be 
written in index-free form by the use of the covariant divergency as 

F + S0 = O, 9- s T = Q, 

g(F)+g(69) = 0, (6)g - ( s T)g = (Q)g, (245) 

where 

F = V F + g F , (246) 

v-F — va,F ~\~ , gF — ga-F ~\~ i a-F — va-F ~f~ ga-F , 

W = V W + gW , V F — v ~F a ■ e a — v Fi ■ dx l , V W = v W a ■ e a , 
S L 

ga F=-^- g M/a ■ e a , g W = g W a ■ e a . (248) 
°9Pi 

From the second Noether identity (9 — S T = Q) the relation between the 
covariant divergencies of the energy-momentum tensors 9, S T and Q follows 
59 = 5 S T + 6Q, 5 S T = 66- 5Q. 

Definition 4 Local covariant conserved quantity G of the type of an energy- 
momentum tensor of the type 1. Mixed tensor field G of the type 1. with 
vanishing covariant divergency, i. e. SG = 0, G a @ m = 0, Gi 3 -j = 0. 

If a given energy-momentum tensor has to fulfil conditions for a local covari- 
ant conserved quantity, then relations follow from the covariant Noether identi- 
ties (CNIs) between the covariant divergencies of the other energy-momentum 
tensors and the covariant vector field F 

No. Condition for 8G Condition for F Corollaries from CNIs 

1. 59 = F = 6 S T=-5Q 

2. S S T = 69 = 6Q = - F 

F = S9 = 6Q 

3. 5Q = F ^ 66 = 6 S T = - F 

F = 59 = 5 S T = 



(247) 
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Special case: 



5 V L n S g L 



= 0, -j^— = 



SV A b 5g a p 
va F = , ga F = , Q = 0, V F = V W , 3 F = 3 VF , (249) 

a F= raJ F+ sa F = , (250) 

F = W : W + 59 = , 6 = S T , 59 = S S T = - W . (251) 
For W = 0:56 = 0,5 S T = 0. 

The finding out the covariant Noether identities for a given Lagrangian den- 
sity L = —dg.L along with the energy-momentum tensors 9, S T and Q allow 
the construction of a rough scheme of the structures of a Lagrangian theory 
over a diffcrcntiable manifold with contravariant and covariant affine connec- 
tions and a metric: 



9- s T = Q 

i 

F + 59 =0 



5L/5K J 



Q 



Fig. 1 . Scheme of the main structure of a Lagrangian theory 

The symmetric energy-momentum tensor of Hilbcrt gs hT appears as a con- 
struction related to the functional variation of the metric field variables g a p [as 
a part of the variables K A b ~ (V A b, 9c)] an( i interpreted as a symmetric 
energy-momentum tensor of a Lagrangian system. This tensor does not ex- 
ist as a relevant element of the scheme for obtaining Lagrangian structures by 
the method of Lagrangians with covariant derivatives (MLCD). It takes in the 
scheme a separate place and has different than the usual for the other elements 
relations. 
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■m- 



i 

SL/SK A B 



gsh - 



Q 



0- s T = q 



F + 66 =0 



Fig. 2. The main structures of a Lagrangian theory 
and the energy-momentum tensor of Hilbert 

The field theories involve relations between the different structures of the 
Lagrangian systems. For the most part of Lagrangian systems equations of 
the type of the Euler-Lagrange equations have been imposed and the symmet- 
ric energy-momentum tensor of Hilbert has been used. In Einstein's theory 
of gravitation (ETG) the existing relations among the different structure's ele- 
ments are very peculiar. They require additional considerations. 





= 


SV* n 



SJW± L) _ n 

Sg af , - U 



I 



.T 



' ggsh - 



gs - 



Fig. 3. Structure of the Einstein theory of gravitation. 

In the Fig. 3. L is the Lagrangian invariant of the material distribution. L g 
is the Lagrangian invariant of the gravitational field. 

There are other possible relations between the structures of two Lagrangian 
densities than the relations between L 9 and L m in ETG. For instance, the 
relations between the variational energy-momentum tensors g Q and m Q of both 
Lagrangian densities and between the vector fields g F and m F. 
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I 
I 



5L/$K A B 



I 

SL /5G C D 



,T 



sTq 



Q 



S T = Q 



J 



- sTp = Qo 



1 



1 



= 



F + S0 = 



Fig. 4. Possible relations between two Lagrangian systems 
On the grounds of relations of this type a model for describing the gravita- 



tional interaction in V^-spaces is considered different from ETG 22 



The covariant Noether identities can be used for a generalization of notions 
of the continuum media mechanics related to the notions of force density, density 
of the moment of the force (density of the inertial momentum) and angular mo- 
mentum density for Lagrangian systems described by models over differentiable 
manifolds with affine connections and metrics. 
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